
Stat 821 Homework 6 Solution

Question 1

(a)

E

(
∂

∂θ
log p(x, θ)

)
=

∂

∂θ
log

1

θ
= −1

θ
̸= 0

(b)

E

(
∂

∂θ
log p(x, θ)

)2

=
1

θ2

thus

V ar

(
∂

∂θ
log p(x, θ)

)
=

1

θ2
−

(
−1

θ

)2

= 0

Information bound is +∞.

(c)

E(2X) = 2E(X) = 2
θ

2
= θ unbiased

V ar(2X) = 4V ar(X) =
θ2

3
< ∞

Question 2 (Problem 5.16)

(a)

I(θ) = E

[
∂ log p(x, θ)

∂θ

]2

= E

[
1

θ

(
1 +

f ′(x/θ)

f(x/θ)

x

θ

)]2

=
1

θ2

∫ (
1 +

f ′(x/θ)

f(x/θ)

x

θ

)2 1

θ
f(x/θ)dx

=
1

θ2

∫ (
1 +

f ′(y)

f(y)
y

)2

f(y)dy
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(b)

I(ξ) =
I(θ)(
d
dθξ

)2 =
I(θ)

(1/θ)2
=

∫ (
1 +

f ′(y)

f(y)
y

)2

f(y)dy

I(θ) is independent of θ.

Question 3 (Problem 6.5)

(a) Assume X ∼ N(ξ, σ2),

l = log p(x; θ) = −1

2
log 2πσ2 − (x− ξ)2

2σ2

∂

∂ξ
l =

(x− ξ)

σ2

∂2

∂ξ2
l = − 1

σ2

∂

∂σ
l = − 1

σ
+

(x− ξ)2

σ3

∂2

∂ξ∂σ
l = −2(x− ξ)

σ3

∂2

∂σ2
l =

1

σ2
− 3(x− ξ)2

σ4

Thus

I11 = −E(−1/σ2) =
1

σ2
I12 = I21 = −E

(
−2(x− ξ)

σ3

)
= 0

I22 = −E

(
1

σ2
− 3(x− ξ)2

σ4

)
= − 1

σ2
+

3σ2

σ4
=

2

σ2

Assume X ∼ Gamma(α, β),

l = log p(x;α, β) = − log T (α)− α log β − (α− 1) log x− x

β

Let φ(α) = Γ′(α)
Γ(α) , then

∂

∂α
l = −Γ′(α)

Γ(α)
− log β − log x = −φ(α)− log β − log x

∂2

∂α2
l =

Γ′′(α)Γ(α)− (Γ′(α))2

(Γ(α))2
= −φ′(α)

∂2

∂α∂β
l = − 1

β

∂

∂β
l = −α

β
+

x

β2

∂2

∂β2
l =

α

β2
− 2x

β3

Thus

I11 = φ′(α) I12 = I21 =
1

β
I22 = −E

(
α

β2
− 2x

β3

)
=

α

β2
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Assume X ∼ B(α, β),

log p(x;α, β) = log Γ(α+β)−log Γ(α)−log Γ(β)+(α−1) log x+(β−1) log(1−x)

∂

∂α
l =

Γ′(α+ β)

Γ(α+ β)
− Γ′(α)

Γ(α)
+ log x = φα(α+ β)− φα(α) + log x

∂2

∂α2
l = φ′(α+ β)− φ′(α)

∂2

∂α∂β
l = φ′(α+ β)

∂

β
l = φβ(α+ β)− φβ(α) + log(1− x)

∂2

∂β2
l = φ′

β(α+ β)− φ′
β(β)

Thus

I11 = −φ′(α+ β) + φ′(α) I12 = I21 = −φ′(α+ β)

I22 = −φ′
β(α+ β) + φ′

β(β)

(b) By chain rule

∂

∂ξi
log pθ(ξ)(x) =

s∑
k=1

∂

∂θk
log pθ(ξ)(x)

∂θk
∂ξi

and
∂

∂ξj
log pθ(ξ)(x) =

s∑
l=1

∂

∂θl
log pθ(ξ)(x)

∂θl
∂ξj

Therefore

E

[
∂

∂ξi
log pθ(ξ)(X)

∂

∂ξj
log pθ(ξ)(X)

]
= E

[
s∑

k=1

s∑
l=1

(
∂

∂θk
log pθ(ξ)(X)

)(
∂

∂θl
log pθ(ξ)(X)

)(
∂θk
∂ξi

)(
∂θl
∂ξj

)]

=

s∑
k=1

s∑
l=1

Ikl(θ)
∂θk
∂ξi

∂θl
∂ξj

The ijth entry of matrix JIJ ′ is

s∑
k=1

s∑
l=1

Ikl(θ)
∂θk
∂ξi

∂θl
∂ξj

where
∂θk
∂ξi

is the ikth element of J

So I∗(ξ) = JIJ ′.
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Question 4 (Problem 1.3)

By Taylor series expansion,

h(cnX̄n) = h(ξ)+h′(ξ)(cnX̄−ξ)+
1

2
h′′(ξ)(cnX̄−ξ)2+

1

6
h′′′(ξ)(cnX̄−ξ)3+o(cnxn, ξ)

⇒ E(h(cnX̄n)) = h(ξ) + h′(ξ)
a

n
ξ +

1

2
h′′(ξ)

σ2

n
+ o(1/n2) (∗)

⇒ E2(h(cnX̄n)) = h2(ξ) + 2h(ξ)h′(ξ)
a

n
ξ + h(ξ)h′′(ξ)

σ2

n
+ o(1/n2)

(h2(ξ))′ = 2h(ξ)h′(ξ) and (h2(ξ))′′ = 2{h(ξ)h′′(ξ) + [h′(ξ)]2}

Check that h2 satisfies the condition of Theorem1.1 also. So we have

E(h2(cnX̄n)) = h2(ξ)+2h(ξ)h′(ξ)
a

n
ξ+(h(ξ)h′′(ξ)+(h′(ξ))2)

σ2

n
+o(1/n2)

by applying h2 to (∗). Thus

V ar[h2(cnX̄n)] = E(h2(cnX̄n))−E2(h(cnX̄n)) = [h′(ξ)]2
σ2

n
+ o(1/n2)

Check

E(cnX̄n − ξ)2 =
σ2

n
+ o(1/n2)

E(cnX̄n−ξ)i =

i∑
k=0

(
i

k

)
cknE(X̄−ξ)k(a/n+o(1/n2))i−kξi−k = o(1/ni−1) for i ≥ 3

Question 5 (Problem 1.33)

Let

Y1, . . . , Yn
iid∼ Bernoulli(p)

X =

n∑
i=1

Yi E(Yi) = p V ar(Yi) = pq

Let

δ′ =
x(n− x)

n2
= ȳ(1− ȳ)

δ =
x(n− x)

n(n− 1)
= ȳ(1− ȳ)

n

n− 1

h(t) = t(1− t) h′ = 1− 2t if t ̸= 1/2, h′ ̸= 0
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In theorem 1.10, set cn = 1, h(p) = pq, then

√
n(δ′ − pq) =

√
n(Ȳ (1− Ȳ )− pq)

D−−−−−→ N(0, pq(1− 2p)2)

Thus

√
n(δ′ − pq) =

√
n(δ − δ′) +

√
n(δ′ − pq) =

√
nȳ(1− ȳ)

n− 1
+
√
n(δ′ − pq)

Since Ȳ
P−→ p, 1− Ȳ

P−→ q =⇒ Ȳ (1− Ȳ )
P−→ pq

lim
n→∞

√
n

n− 1
→ 0 so

√
nȲ (1− Ȳ )

n− 1

P−→ pq

We have

√
n(δ − pq) → N(0, pq(1− 2p)2) if p ̸= 1/2

If p = 1/2, i.e.

h′(p) = 1− 2p = 0 h′′(p) = −2 ̸= 0

then by theorem 1.10 again

n[δ′ − pq]
D−→ 1

2
pq(−2)χ2

1 ∼ −pqχ2
1

Similarly,

n[δ − pq] =
n

n− 1
ȳ(1− ȳ) + n(δ′ − pq)

Ȳ (1− Ȳ )
P−→ pq,

n

n− 1
Ȳ (1− Ȳ )

P−→ pq =
1

4

By Slustky theorem

n[δ − pq]
D−→ 1

4
(1− χ2

1)
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